Very accurate variational calculations of all rotationless states ͑also called pure vibrational states͒ of the HD molecule have been performed within the framework that does not assume the BornOppenheimer ͑BO͒ approximation. The non-BO wave functions of the states describing the internal motion of the proton, the deuteron, and the two electrons were expanded in terms of one-center explicitly correlated Gaussian functions multiplied by even powers of the internuclear distance. Up to 6000 functions were used for each state. Both linear and nonlinear parameters of the wave functions of all 18 states were optimized with a procedure that employs the analytical gradient of the energy with respect to the nonlinear parameters of the Gaussians. These wave functions were used to calculate expectation values of the interparticle distances and some other related quantities. The results allow elucidation of the charge asymmetry in HD as a function of the vibrational excitation.
I. INTRODUCTION
HD is an interesting model system for very accurate quantum-mechanical calculations because it has slight asymmetry of the electronic charge distribution that originates from the unequal masses of the nuclei. This effect can only be described in a quantum mechanical calculation of this system if the Born-Oppenheimer ͑BO͒ approximation is not used. Due to the larger mass of the deuteron than the mass of the proton, the electrons in HD approach the former in average slightly closer than the latter. In a hydrogen atom the average proton-electron distance is 1.000 545 6 bohr and in the deuterium atom the deuteron-electron distance is 1.000 272 4 bohr. The asymmetry in the electron behavior near the deuterium and hydrogen nuclei results in an appearance of a small dipole moment in HD. Due to this dipole moment, pure rotational transitions should be visible in the HD experimental spectrum, although they are likely to be very weak. We have studied the HD dipole moment in the ground state in one of our previous works 1 and the dipolemoment value obtained there agreed very well with the experimental value of 0.000 345Ϯ 0.1 a.u. 2 Non-BO calculations of molecular systems are considerably more difficult than electronic structure calculations based on the BO approximation with the nuclei placed in fixed positions. This is because in such non-BO calculations not only the electronic correlation effects need to be very accurately described but also the correlation effects due to the coupled motions of the electrons and the nuclei as well as the nucleus-nucleus correlated motion must be represented with similar accuracy. The nucleus-nucleus correlation is more difficult to describe than the electron-electron correlation because the much heavier nuclei avoid each other much more than the electrons. In the past decade we have developed methods for performing non-BO calculations of light atomic and molecular systems. [3] [4] [5] [6] [7] [8] In the calculations we have used several different explicitly correlated Gaussian basis sets. In the calculations of pure vibrational states of diatomic molecules, we used spherically symmetric, explicitly correlated N-particle Gaussians multiplied by powers of the internuclear distance. We showed that this type of basis very effectively describes the correlation effects in molecular systems consisting of two nuclei and a few electrons such as HD. The ground state of the HD molecule was a focus of our earlier non-BO calculations where we used "only" 512 explicitly correlated Gaussian functions in expanding the wave function. 9 Recently we also reported calculations of the ground and the first excited states of HD performed with 10 000 correlated Gaussians. 10 In the present work we show non-BO calculations for all 18 pure vibrational states of HD performed with 6000 basis functions for each state. The focus of the work is to elucidate the charge asymmetry in HD as a function of the vibrational excitation.
In the non-BO approach, we use a nonrelativistic internal Hamiltonian for the system obtained by rigorously separating the center-of-mass motion from the internal motion. Such a Hamiltonian is isotropic ͑i.e., rotationally invariant͒ and its eigenfunctions describing the state of the system transform according to the irreducible representations of the fully symmetric group of rotations. In particular, the wave function of the ground state or any rotationless state of HD is a spherically symmetric s-type wave function. That is why in our calculations we use spherically symmetric explicitly correlated functions ͑ECFs͒. Multiplying the ECFs by powers of In the first part of this work we describe the method we used ͑a more complete description of the method can be found in our recent reviews 3, 4 ͒. The discussion of the results obtained in the calculations is presented in the second part.
II. THE METHOD
The subject of this work is the complete pure vibrational spectrum of the HD molecule. The calculations are performed with the variational method applied separately to each state. In the variational minimization, the total internal energy of the state is expressed as the expectation value of the internal nonrelativistic Hamiltonian, Ĥ nonrel , obtained from the "laboratory frame" Hamiltonian by separating out the center-of-mass motion. This separation is achieved by switching from the Cartesian laboratory coordinate system to a system where the first three coordinates are the laboratoryframe coordinates of the center of mass and the remaining 3N − 3 coordinates are internal coordinates that describe the positions of particles 2, 3, and N with respect to particle 1 ͑usually the heaviest particle in the system͒. For HD the internal Hamiltonian has the following form:
In Eq. ͑1͒, q 0 = q 1 = 1 are the charges of the nuclei ͑the proton and the deuteron͒ and q 2 = q 3 = −1 are the electron charges, r i , i =1,2,3, are the position vectors of the proton and the two electrons with respect to the deuteron ͑placed at the center of the internal coordinate system and called the "reference particle"͒, r i are their lengths, r ij = ͉r j − r i ͉, m 0 = 3670.482 965 4m e and m 1 = 1836.152 672 61m e are the masses of the deuteron and the proton, respectively, m 2 = m 3 = m e = 1 are the electron masses, 11 and i = m 0 m i / ͑m 0 + m i ͒ is the reduced mass of particle i. More information on the center-of-mass separation and the form of the internal Hamiltonian ͑1͒ can be found elsewhere. 12, 13 The spatial part of the HD non-BO wave functions of the pure ͑rotationless͒ vibrational states is expanded in terms of one-center spherically symmetric explicitly correlated Gaussians ͑ECGs͒ multiplied by even powers ͑m k ͒ of the internuclear distance, r 1 ,
where r = ͕r 1 Ј, r 2 Ј, r 3 Ј͖ and " Ј" denotes the vector ͑matrix͒ transposition. In our previous works, we have shown that these functions very effectively describe nonadiabatic, zeroangular-momentum states of diatomic systems with electrons. The r 1 m k factors in function ͑2͒ generate radial nodes which appear in the wave function when the molecule becomes vibrationally excited. As shown before, 5, 6 limiting the powers of m k in basis function ͑2͒ to only even values has very little effect on the energy, but significantly speeds up the calculations, as the algorithms for calculating the Hamiltonian matrix elements are less complicated in this case.
Function ͑2͒ is able to describe bound pure vibrational states of the internal Hamiltonian ͑1͒ very well for the following reasons. First, as the Hamiltonian ͑1͒ is spherically symmetric, its eigenfunctions for pure vibrational states are also fully spherically symmetric functions and can be expressed in terms of function ͑2͒. Second, the particles described by the Hamiltonian ͑1͒ have negative ͑the two electrons͒ and positive ͑the proton͒ charges and are either attracted to or repelled from the reference particle ͑the deu- teron͒ and from themselves. The repulsion between the two electrons can be very well described by Gaussians depending on the interelectron distance in the exponents. Also, while the electron-proton and electron-deuteron attractions can be very well represented by these types of Gaussians, the proton-deuteron repulsion is more difficult to describe because these two particles are much heavier than electrons and they avoid each other to a much higher degree in their relative motion in the molecule. This necessitates the addition of the r 1 m k factors to the Gaussians, which allows for a much more effective representation of the proton-deuteron separation in the wave function. We refer the reader for more information on the selection of the basis functions for diatomic non-BO calculations to our recent reviews. 3, 4 In the present work, the standard variational method is used for calculating the energy and the wave function of a particular state of the system. A separate variational calculation is performed for each state. It involves minimization of the Rayleigh quotient with respect to the linear expansion coefficients, ͕c k ͖, the Gaussian exponential parameters, ͕A k ͖, and the pre-exponential powers, ͕m k ͖,
In our approach we used the analytical energy gradient calculated with respect to the Gaussian exponential parameters in the minimization of functional ͑3͒. This greatly accelerates the process of the wave function optimization. Also, in order to avoid imposing restrictions on the elements of each A k matrix to make it positive definite and to make the corresponding k basis function square integrable, we used the Cholesky-factored form of
where L k is a lower triangular matrix ͑all elements above the diagonal are zero͒.
With the Cholesky-factored representation of A k , this matrix is automatically positive definite for any real values of the L k matrix elements. In the calculations, the L k matrix elements are the optimization variables, and the analytical energy gradient is calculated with respect to these elements. The preexponential powers, m k , in this work ranged from 0 to 250, and all the powers were partially optimized for each state. The calculations concern all 18 pure vibrational states of HD. The maximum number of basis functions used for each state was 6000. This number of functions was generated by growing the basis set for each state from a small randomly selected set of a few dozen functions using a procedure involving successive additions of small groups of functions. When the basis set was relatively small ͑less than 100 functions͒ each step involved adding a group of ten functions, one function at a time, optimizing their exponential parameters using the gradient-based minimization approach, and reoptimizing the whole basis set using the gradient-based approach after the addition of the subset was completed. When the number of basis functions exceeded 100, the number of functions added in each step was increased to 20 and the reoptimization of the whole set at the end of each step was done by adjusting the parameters of only one function at a time and cycling over all functions in the basis set.
After the non-BO nonrelativistic wave functions, ⌿ i ͑r͒, were generated for all eighteen states, they were used to calculate the following expectation values: ͒ and they are not converged enough to be trusted. The non-BO wave functions were also used to calculate the deuteron-proton correlation function ͑i.e., the oneparticle relative density of the proton with respect to the deuteron associated with the coordinate r 1 ͒ defined as
where ␦͑r 1 − ͒ is the three-dimensional Dirac delta function.
As in the non-BO calculations, both electrons and nuclei are treated on equal footing, the only information one can get on the molecular structure parameters and other related quantities for the particular state of the system is obtained in the form of expectation values of the operators representing these parameters. The nucleus-nucleus correlation functions also provide some information on the structure of the system in different states. This is why we calculate them in this work. v = 0 , 1 , . . . , 17 pure vibrational states of the HD molecule with the wave functions expanded in terms of 6000 Gaussian basis functions. r 1 is the proton-deuteron distance, r 12 is the proton-electron distance, r 2 is the deuteron-electron distance, and r 23 is the electron-electron distance. All values are in a.u. 
III. THE RESULTS
In Table I we show the total energies for all 18 pure vibrational states obtained in the calculations. For each state, the energy values obtained with basis sets ranging in size from 1000 to 6000 in increments of 1000 are shown. As one can see, the convergence, as expected, is much better for the lowest states than for the highest states. This is related to the increasingly higher oscillatory nature of the wave function as the excitation level increases, which requires a larger number of basis functions in the wave function expansion. The convergence level achieved in the present calculations is quite sufficient for the present results to be by far the most accurate ever obtained for the pure vibrational states of the HD molecule. However, as the energies of the higher states are not converged tight enough yet, the transition frequencies between the consecutive levels could not be calculated with the accuracy equivalent to the experiment. We estimate that it will take approximately 10 000 basis functions or more per state to achieve such a sufficient accuracy level. Such calculations will be performed in the near future. In the mean time, the present results are sufficiently accurate to study the charge asymmetry in HD as a function of the vibrational excitation and this is the focus of the present work.
Before we turn to the discussion of the asymmetry of the electron charge distribution in HD, let us first use plots of the proton-deuteron correlation functions for some lowest, intermediate, and highest states to describe the states calculated in this work. As mentioned, the states correspond to pure vibrational excitations. However, as in non-BO molecular calculations of such states the motion of the nuclei couples with the motion of the electrons, the term "vibrational" can only approximately be used to characterize these states because the vibrational and electronic states mix to some small degree in the calculations. A more correct term is "rotationless" because these states correspond to the zero total angular momentum of the system. Due to the mixing, the vibrational quantum number, which is usually associated with the number of nodes in the vibrational part of the wave function, is not, strictly speaking, a good quantum number because there can be small components in the total wave functions where the vibrational parts have different number of nodes than the main component. However, one can still use the vibrational quantum number for ordering the energy levels as we do in this work.
The wave function of each rotationless state of HD is spherically symmetric with respect to the center of the internal coordinate system. Thus, spherically symmetric are also the corresponding deuteron-proton correlation functions. To show this, we present in Fig. 1 the densities for the v =0, 7, 8, and 17 states plotted as two-dimensional functions. We could have plotted the correlation functions as onedimensional graphs, but we have chosen two-dimensional representations to better demonstrate the fact that, if the BO approximations is not assumed, the HD wave functions in the internal coordinate systems are atomlike. The concentric rings on the correlation function plots correspond to the radial maxima of the density function. As one can see, the higher excited states are represented by fast oscillating and more spatially extended functions than the lower states. A wave function with a larger number of oscillations requires more Gaussian functions in the basis set than a less oscillating wave function of a lower state. Also, the r 1 m k factors in the Gaussians for higher excited states usually have broader power distributions than for the lower states.
The nonrelativistic wave functions obtained for the v =0,1, ... ,17 states were used to determine the expectation values mentioned before. The values are shown in Table II . Among them there are expectation values of operators dependent on the proton-deuteron distance ͑r 1 ͒, the electron- deuteron distance ͑r 2 ͒, the electron-proton distance ͑r 12 ͒, and the electron-electron distance ͑r 23 ͒. Some of these quantities allow characterization of the asymmetry of the HD electron charge distribution. For example, the difference between the ͗r 12 ͘ and ͗r 2 ͘ expectation values describes how much closer, on average, an electron approaches the deuteron than the proton in the HD molecule. The difference in the two expectation values are plotted in Fig. 2 . Also, in Table III we show how the difference converges with the number of functions in the basis set for some selected lower, intermediate, and higher states. The convergence is quite satisfactory. The ͑͗r 12 ͘ − ͗r 2 ͒͘ difference shows that the charge asymmetry changes with the vibrational excitation and it is the highest for the v = 8 state and the lowest for the v = 17 state. The asymmetry change with the vibrational excitation should result in the HD dipole moment also changing. Even though the dipole moment is very small, in relative terms, it may change by as much as 50% as the molecule de-excites from v =17 to v =8.
IV. SUMMARY
In this work we performed very accurate nonrelativistic non-BO calculations of the complete vibrational pure ͑rota-tionless͒ spectrum of the HD molecule. For each of the 18 bound vibrational states the wave function was expanded in terms of up to 6000 explicitly correlated Gaussians. A full optimization of the Gaussian exponential parameters was performed for each expansion. The non-BO wave functions were used to evaluate some expectation values of operators dependent on the deuteron-electron and proton-electron distances and on two-particle contact terms. These expectation values revealed an asymmetry of the electron charge distribution. They also showed that the asymmetry changes with the vibrational excitation. It is the smallest for the lowest and the highest vibrational states and the largest for the intermediate states.
